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Abstract- Mark ov RandomField (MRF) modelling tech-
nigueshave beenrecentlyproposedasa novel approach
to probabilistic modelling for Estimation of Distribu-
tion Algorithms (EDAS)[34, 4]. An EDA usingthis tech-
nigue, presentedn [34], wascalled Distrib ution Estima-
tion usingMark ov RandomFields (DEUM). DEUM was
later extendedto DEUMy [32, 33]. DEUM and DEUM4
usea univariate model of probability distrib ution, and
have beenshown to perform better than other univari-
ate EDAs for arange of optimization problems.This pa-
per extendsDEUM 4 to incorporate a simple Metr opolis
method and empirically showvsthat for linear univariate
problemsthe proposedunivariate MRF modelsare very
effective. In particular, the proposedDEUM 4 algorithm
can nd the solution in O(n) tness evaluations. Fur-
thermore, we suggestthat the Metropolis method can
alsobe usedto extendthe DEUM approachto multi vari-
ate problems.

1 Intr oduction

Estimation of Distribution Algorithms (EDAS) [24] is a
well-establishedtopic in the eld of evolutionary algo-
rithms. EDAs aremotivatedby the ideaof identifying and
preservingimportantpatternsor building blocks[10], and
areableto solve problemghatareknown to be hardfor tra-

ditional GeneticAlgorithms (GA) [27]. An EDA maintains
theselectionandvariation concept®f evolution. However,

it replaceghecrosseerandmutationapproacho variation
in atraditionalGA by building andsamplinga probabilistic
modelof promisingsolutions.The processingf the build-

ing blocksin an EDA is explicitly biasedtowardsthe sig-

ni cant patternsidenti ed by a probabilisticmodel. This

contrastswith theimplicit processingf building blocksin

atraditionalGA. EDAs areclassi edasunivariate bivariate
or multivariate[29, 16] accordingto thetype of interaction
betweerallele valuesthatcanbe representethy the model
of the probability distribution.

In [34] an algorithm using a Markov network (also
known asa Markov RandomField or anundirectedgraph-
ical model [25, 17]) approachto probabilistic modelling
hasbeenproposed. This was called Distribution Estima-
tion Using Markov RandomField (DEUM). DEUM was
later extendedto DEUMy, which is Distribution Estima-
tion Using Markov RandomField with direct sampling
[32, 33]. DEUM andDEUMy werepresente@snovel uni-
variateEDASs usinga univariatemodelof probability distri-
bution. They wereshavn to performbetterthanotherEDAs
of their type over a wide rangeof optimization problems
[34, 32, 33).

This paper extends DEUMy to incorporatea simple
Metropolis method[18] and shaws that for linear univari-
ateproblemsthe proposedinivariateMRF modelsarevery
effective. In particulay theproposeddEUMy can nd aso-
lutionin O(n) tness evaluations.Furthermorewe suggest
thatthe Metropolismethodcanalsobe usedto extendthe
DEUM algorithmsto multivariateproblems.

Theoutlineof thepaperis asfollows. Section2 presents
the backgroundon DEUMy and also presentdrief exper
imental resultson its performancdn comparisonto other
univariate EDAs. Section3 describesa modi cation to
DEUMy incorporatinga simple Metropolis method. Sec-
tion 4 presentsexperimentalresultson a linear univariate
problem. Section5 discusse®ur immediatefuture work,
which is to extend the DEUM approachto multivariate
problemsby usinga Metropolismethod.Section6 presents
asummaryandconcludeghe paper

2 DEUM with directsampling

DEUMy, asfor other EDAs, regardsa solution (chromo-
some)asa setof randomvariablegthe alleles),eachtaking
aparticularvaluefrom asetof possiblevalues.In particular
we represena solution(aninstanceof therandom eld) as

thei-thrandomvariable.Here , we consideiproblemswyhere
solutionsare encodedasbit-string chromosomesandson
is the chromosomdength, andthe x; representhe allele
valuesin the obviousway (soeachx; is eitherO or 1).

UnivariateEDAs do not considerdependencieletween
variablesj.e.,they only modelbuilding blocksof orderone.
In this case thejoint probability distribution, p(x), is sim-
ply the productof the univariate maiginal probabilitiesof
all variablesn achromosomex:

Y
p(x) = p(xi) (1)

i=1

where,p(x;) is the mamginal probability of thei-th vari-
ablehaving thevaluex;.

Apart from DEUMy, Population Based Incremental
Learning(PBIL) [1], the Univariate Marginal Distribution
Algorithm (UMDA) [24], andthe CompactGeneticAlgo-
rithm (cGA) [13] all usea univariatemodelof the probabil-
ity distribution. The maindifferencebetweerDEUMy and
theseotherapproachess the methodusedto estimatethe
maminal distribution p(x;). PBIL, UMDA andcGA esti-
matethe maiginal probabilityp(x; = 1) by takingthefre-
gueng of solutionswith x; = 1in aselectedetof solutions
dividedby thesizeof the selectedset,i.e.:
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p(x) © p(X) = @)

X
p(xi = 1) = N

x2S

Here,N is the numberof selectedsolutionsandsS is a
subsebf the selectedsetof solutionshaving x; = 1.

This approachof estimatingthe marginal probability is
very simpleandfully depend®on the patternof 1'sandQ's
in the selectedsetof solution. This contrastswith the tech-
nigueusedin DEUMy, which we describein the next sec-
tion.

2.1 MRF approachto probabilistic modelling

DEUMy usesMarkov RandomField modelsasits proba-
bilistic model. MRFsarealsoknown asUndirectedGraph-
ical Modelsor Markov Networks[17, 25. A previously
proposedEDA, known asFactorizationof the Distribution
Algorithm (FDA) [20] also usesan UndirectedGraphical
Model to estimatethe probability distribution. However,
FDA is distinct from DEUMy in signi cant ways. Par-
ticularly, in its use of a Triangular model of the distrib-
ution and its restrictionto a certainclassof tness func-
tion. Moreover, FDA is a multivariate EDA (see[21, 20]
for moredetailson FDA). More recently anotheralgorithm
using a Markov network hasbeenproposedby [31] and
wascalledMN-EDA. MN-EDA hasstrongsimilaritieswith
DEUMy but hasits differencesaswell. Particularly, in its
useof Kikuchi approximationsof the probability distribu-
tion. Again, MN-EDA is alsoa multivariateEDA.

In [4], MRF theorywas usedto provide a formulation
of the joint probability distribution that relatessolution t-
nessf (x), toanenegy function U(x), calculatedrom the
valuesof thesolutionvariables.To beprecise:

- pf® .
B

i U(x)=T
DeI

p(x) ®)

) y e U(y)=T

from which an equationfor eachsolutionx canbe de-
rived(see[4] for detailedinformation):

i In(f(x)) = U(X)=T (4)

Here,f (x) is the tness of anindividual x, U(x) is an
enegy function derived from the allele values,andT is a
temperatureoefcient, whichin [4] hasa constanwalueof
1. Thesummationsareover all possiblesolutionsy. U(x)
givesthefull speci cationof the joint probability distribu-
tion, soit canbe regardedas a probabilisticmodel of the
tness function. In particular minimising U(x) is equiva-
lentto maximisingf (x).

In generalthe form of the enegy functionwill involve
interactiondbetweerthevariablesx;. In [34], a Univariate
MRF modelwasusedthatassumesa simpleform of enegy
functionwith nointeractions.To beprecise,

U(X) = ® X1+ ®Xo + 111+ @ Xp (5)

Here, the ® are known as the MRF parametersand
completely determinethe probability distribution. Each
variablex; providesa contribution ® x; to the overall t-
ness.

Formathematicaleasonsfj 1;1gareusedasthevalues
of x; in the model, ratherthanf 0; 1g. This ensuresarith-
meticalsymmetrybetweerthe possibleallelevalues.

Eachsolutionin agivenpopulationprovidesanequation
satisfyingthemodel.SelectingN promisingsolutionsfrom
apopulationthereforeallows usto estimatehedistribution
by solvingthe systemof equations:

A®" = F (6)

Here,A istheN £ n-dimensionaimatrix of allele val-
uesin the selectedset, ® is the vectorof MRF parameters

tor containingj In(f (x)) of the selectedsetof solutionsx.

Dependingon the relationshipbetweenN andn, the sys-
temwill beunder, over, or precisely-speci edA standard
tting algorithmcanbeusedto give amaximumlikelihood
estimationof the®,. The®; canthenbeusedto provide an
estimateof the probability of thevalueof x; .

In [34], ®is usedto formulateanupdatingruleto update
aprobability vector. The probabilityvectoris thensampled
to generatea child population. In [32], this approachhas
beenextendedo usethe® to directly estimatehemaiginal
probabilityp(x;).

Fixing the value of a particularallele x; dividesthe set
- of all 2" chromosomemto two disjoint sets,which we
denoteby A andB. MorepreciselyA = fx 2 - :xj = 19
andB = fx 2 - : x; = j 1g. We denotethe probability
thattheallelevaluein positioni is equalto 1 by p(x; = 1).
Clearly, the probability thatthe allele valuein positioni is

equaltoj lis1i p(xj = 1). Applying thisto (3), we
obtain:
X X el U(x)=T
pxi=1)= px)=  —— ()
xX2A X2A
P . .
Here,Z = e YO=T s a (very large) normalising

constant. Substitutingfor U(x) from (5), and noting that
xj = 1forallx 2 A, weobtain:

e - K
p(xi = 1)= ¢ ®'_Tf

8
whereK is alargeconstantepresentinghesumoverall
chromosome# A of contrikutionsfrom allelesin positions
otherthani.
Similarly, summingover B we obtain the probability
thattheallelevaluein positioni is equalto j 1:

pixi =i 1)=1j pxij=1)= ei=T5

> O

Here,K isthesameconstangsin (8), becaus¢hechro-
mosomesin A and B agreepair-wise at allele positions



otherthani. Combining(8) and(9), the constantK and
Z dropout, andwe getthefollowing expressiorasan esti-
mateof the maiginal probabilityfor x; = 1:

1

p(xi = 1) = 1+te® (10)

where, = 2=T.

Notethat,asT ! 0, thevalueof  increasesandthe
valueof p(x; = 1) tendsto limit dependingon the sign of
®.If ® > 0,thenp(x; = 1)! 0asT ! 0. Corversely
if & < 0,thenp(x; = 1)! 1asT! 0. If ® = 0, then
p(xi = 1) = 0:5regardlesof thevalueof T. Thereforethe
® areindicatorsof whethertheallelevalueatthepositioni
shouldbel orj 1. Thisindicationbecomestrongerasthe
temperaturés cooledtowardszero.

This forms the basisfor the estimationof distribution
techniqudor DEUMy, whichcombinegheunivariateMRF
modelwith a cooling scheme.We reduceT, i.e., increase
~, asthe populationevolves, so the modelbecomesnore
exploitative ratherthan explorative as the evolution pro-
gresses.

The useof the temperaturdor EDA hasbeen rst pro-
posedin BoltzmannEstimatedDistribution Algorithm *
(BEDA) [23], where,a Boltzmannselectionhasbeenused
to estimatethe Boltzmanndistribution. A coolingschedule
for Boltzmannselectionfor BEDA (andalsofor FDA) has
beenlaterproposedn [22]. Theseapproacthasstrongsim-
ilarities with our approachhowever hasits differencesas
well. In BEDA, the tness hasbeendirectly taken asthe
enegy for the Boltzmanndistribution, howeverin DEUMg,
an approximationto the tness function is usedwhich is
doneby building amodelof tnessfunctionand tting it to
thepopulation.

2.2Work o w of DEUM
DEUMy consistof a ve-stepprocedureasfollows:

1. Generataaninitial population,P, of sizeM with a
uniform distribution.

2. SelecttheN ttest solutionsfrom P, whereN - M.

by makingamaximumlik elihoodestimatiorfromthe
selectedsolutions.

4. GenerateVl new solutionsusingthefollowing distri-

bution:
Y

p(x) = p(xi)
i=1
wherep(xi = 1) = 1=(1+ e ®) andp(x; = j 1) =
1=(1+ e ®). Here,” isdenedas = g¢ where,
g isthenumberof thecurrentiterationand¢, > Oisa
coolingrate parametechoserby theuser

5. ReplaceP by the new population,andgo to Step2
until theterminationcriterionis satis ed.

1BEDA is a conceptuahlgorithmas requiressum over exponentially
mary termsto calculatethedistribution [22]
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DEUMy usesthe singularvalue decomposition(SVD)
[30, 11] techniqueto make themaximumlik elihoodestima-
tion. SVD provesto bethe moststabletechniquereturning
usefulestimationdrom systemf linearequationghatare
eitherunder or over-speci ed [30].

As describecearlier — hasadirecteffect onthe corver
gencespeedof DEUMy. As the numberof iterations(g)
grows, the mamginal probability (p(x;)) graduallycoolsto
either0 or 1. However, dependinguponthe type of prob-
lem, differentcooling ratesmay be required. In particular
thereis a trade-of betweercorvemgencespeedf thealgo-
rithm and the exploration of the searchspace. Therefore,
the cooling rate parameter¢,, hasbeenintroduced.¢, gives
explicit controloverthecorvergencespeef DEUMy. De-
creasing; slowsthecooling,resultingin betterexploration
of thesearchspace However, it alsoslowsthecorvergence
of thealgorithm.Increasing;,, ontheotherhand,makesthe
algorithmcorverge faster However, the explorationof the
searchspacewill bereduced.

2.3 Experimental results

Herewe brie y review the experimentalkesultson the per
formanceof DEUMy on arangeof optimisationproblems.
For more detailson theseexperiments see[33]. The per
formanceof DEUMy wascomparedwith a GA, PBIL and
UMDA.

For the problemswhereoptimum tness couldbefound,
thenumberof tnessevaluationgakenby eachalgorithmto
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nd the optimumwastaken asa measurdor performance
evaluation. Runlengthdistribution (RLD)[14] curveswere
plottedto measurehe performance.The RLD shaws, for
eachalgorithm, the cumulatve percentageof successful
runs that terminatedwithin a certainnumberof function
evaluations Figure1l shovsthe RLD for a 180-bitOneMax
[24] problemover 1,000runsfor eachalgorithm. It canbe
seenthat, for DEUMy 80% of the runsfoundthe optimum
solutionwithin 1,600functionevaluationsn comparisono
2,000,2,800and3,7000f PBIL, UMDA andtheGA respec-
tively. Similarly, gures 2, 3, 4, and5 shov the RLD over
1,000runsof eachalgorithmfor a 180-bit Plateau[19, 16]
problem,a 100-bit Chederboad [2, 16] problem,a 20-bit
Sdaffer F6 function[5] anda 180-bitTrapfunctionof order
5 [26] respectiely.

For the problemswherethe optimumwasnot known or
could not be found, the algorithmswere evaluatedby the
average tness of solutionthey could nd, andthe average
numberof tness evaluationstakento nd it [15, 7]. The
problemsaddressedvere a 50-bit Equal productsfunction
[2, 7], a60-bit Colville function[7] anda 100-bit SixReaks
function[2, 16]. We do not presentheseresultsbecaus®f
thelimited space.See[33] for moredetail. However, here
we highlight the conclusionganadefrom the above experi-
ments.They areasfollows:

For the univariate problems(suctas OneMax)and also
for problemswith alow orderof dependeng betweenthe
variables(suchas plateauand checler board) the perfor
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manceof DEUMq (in termsof numberof tnessevaluations
takentoterminate)wassigni cantly betterthanthatof other
univariateEDAs andalsoof the GAs tested.

For the problemswith higherorderdependeng(suchas
SixPeaksand Trap of order5), DEUMy, aswith otheruni-
variateEDAs, was deceved by the structureof the tness
landscape. For the SixPeaksfunction, none of the algo-
rithmscould nd the optimumsolution. For the trap func-
tion, UMDA andPBIL couldnot nd theoptimum,evenus-
ing averylargepopulationsize.However, asimpleGA with
one-pointcross@er could nd thesolutionafteranaverage
of 62,000 tness evaluations.Interestingly DEUMy with a
populationsizeof 2,000couldalso nd the solution, how-
ever, with a very large average tness evaluation,868,000.
It shaws that,althoughDEUMy is misledby thetrap func-
tion, by slowing the cooling rate and choosingthe correct
populationsize,it still couldovercomeatrap of order5.

For thoseproblemswherethe optimumwasnot knowvn
or wasvery hardto get (Colville and Equal products) the
performanceof DEUMy wascomparabldo thatof the GA
andotherunivariateEDAs, andwasbetterin somecases.

In general DEUMy gave satishctoryresultsfor mostof
the problemsthathave beentested andfailed whereit was
expectedto. Again, for mostof the problems,the perfor
manceof DEUMy was betterthanthat of other univariate
EDAs. Theseempiricalresultssuggestedhe effectiveness
of MRF modelsusedby DEUMy over the maginal prob-
ability modelsusedby otherunivariateEDAs. In the next
section,we further strengtherthis suggestiorby shaving
that, for a linear univariateproblem,a simple extensionto
DEUMy can nd theoptimumin 1:5n + 1 tness evalua-
tions.

3 Extending DEUMy
Metr opolis method

to incorporate a

In the MRF modelling literature,Metropolis methodq18]
are widely usedto determinethe optimum value for ran-
dom elds/variables[17]. Herewe presenta simple vari-
ant of it, known as Zem-Tempeature Metropolis method
Given a setof MRF parameters®, calculatedrom a pop-
ulation of chromosomest is thenpossibleto approximate
the optimumchromosomex® = fx9;x9;:::;x8g (or more



preciselyoptimumchromosomdor the currentpopulation.
We call this chromosomethe Metropolis Population Op-
timum ChromosomgMPQOC). x° canbe approximatedoy
usingthefollowing zerotemperaturd/ietropolismethod:

1. Generatechromosome® = fx9;x9;::;x2gatran-
dom.

2. for L iterationsrepeat:

(a) Mutateavariablex? choseratrandomto obtain
the mutatedchromosomex .

(b) Set¢ U = U(X®) ; U(x°).
(c) if ¢ U < Osetx® = x°

3. Terminatewith answerx®.

For univariateMRF models(5), ¢ U canbe determined
explicitly from thefollowing formula:

¢U =& (X0 x) (11)

From (11), we canseethatif ®& < 0, then(i) ¢ U < 0,
if x? = i 1: this suggestscceptingthe mutation,and (ii)
¢ U > O, if xp = 1. this suggestsejectingthe mutation.
In anotherwords,to make ¢ U > 0 (to minimise U(x?°)),
formula(11) suggestshatif ®& < 0, x? shouldbe 1 andif
® > 0,x? shouldbej 1. Thus,for aunivariateMRF model
theMPOC,x°, canbeeasilyobtainedust by looking atthe
signof the®,.

Now let usincorporatethis methodin DEUMy. Thisis
doneby addingtwo substep8:1 and3:2in original DEUMy
algorithm.Sotherede nedDEUMy will beasfollows:

1. Generataaninitial population,P, of sizeM with a
uniform distribution.

2. SelecttheN ttest solutionsfrom P, whereN - M.

by makingamaximumlik elihoodestimatiorfrom the
selectedsolution.
3.1. GeneratdMPOC,x° = fx3;x9;::::5x89g
where,
Yo

0= 1
i i1

x if® <0
if® >0

3.2. Terminatejf f (x°) is optimal/goodenough.

4. GenerateM new solutionsusingthefollowing distri-
bution:

Y
p(x) = p(xi)
i=1
wherep(xi = 1) = 1=(1+ e ®) andp(x; = j 1) =
1=(1+ el ®). Here,” isde nedas™ = g¢ where,
g isthenumberof thecurrentiterationand¢, > Oisa
coolingrate parametechoserby theuser

5. ReplaceP by the new population,andgo to Step2
until theterminationcriterionis satis ed.
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Figure6: Scalabilityof DEUMy onOneMax,shaving aver-
agenumberof tnessevaluationgor 30-to 180-bitOneMax
problemswherethe populationsizewas 40 to 100 for the
GA, 50to 170for UMDA, andexactly 1:5n for DEUMy.

We obsere thattheabove presente@lgorithmonly uses
x° to checkfor an optimumanddoesnot useit for further
evolution 2. However, in practice x° canbeusedin various
waysto asseghe evolution. For example,one could gen-
erateoneor morex® andseedthemto the next generation.
For thepurposeof this paperwe do notdiscusghistopicin
detail.

4 Experimental results

The aim of our experimentis to measurehe effect of our
extensionto DEUMy. We show the scalabilityof DEUMy
on univariate problems,and compareit with that of other
univariateEDAs. The obvioustestfunctionfor this purpose
is the OneMaxproblem[24].

TheOneMaxproblemis asimplelinearproblemdecom-
posabléanto building blocksof orderone,andtherefords an
ideal problemfor univariateEDAs. It hasbeenshawvn that
UMDA worksvery well on this problem[2]. We compare
theperformancedf DEUMy againstUMDA anda GA. 100
runsof eachalgorithmwere executedfor a seriesof One-
Max problemswith chromosomesangingin size between
30and180bits. Thenumberof tness evaluationstakento
nd the optimal solutionwas recordedfor eachrun. Uni-
form cross@er with exchangeprobability of 0.5 wasused
for theGA, crosseerwasappliedall thetime andmutation
wasnotapplied.Thepopulationsize,M , rangedrom 40to
100for the GA, 50to 170for UMDA, andwasexactly 1:5n
for DEUMy. ¢, for DEUMy4 wasfrom 5 to 4.

Truncationselectionwas usedwhere selectionsize N
was0:5M for the GA and0:3M for UMDA. For DEUMg,
the selectionsize was again 1:5n, i.e., the whole popula-
tion wasselectedNo elitismwasusedandnew populations
weregenerateavith completereplacementFigure6 shavs
theaveragenumberof tnessevaluationsfor eachalgorithm
overtherangeof OneMaxproblems.

The succesgatio for corverging to the optimum was
100%for DEUMy, 98%for UMDA and100%for the GA.

2For the purposeof our experiment(seesection4), doing sowasnot
necessary



As we canseefrom Figure 6, UMDA, asit hasselection
sizelessthanthatof GA, hasanexpectedperformanceet-
ter thanthat of the GA but haslesssuccessate. DEUMy
with a Metropolismethodhasvery stableandef cient per
formancethatis equivalentto 1:5n + 1 tness evaluations,
i.e., given a randomly-generatethitial populationof 1:5n
chromosomesthe x° generatedy the Metropolismethod
wasfoundto beoptimum(Here,+1 s for the tness evalua-
tion of x° itself). Thisresultcanbecomparedvith theresult
of a(1+1) EA (alsoknown asstodastichillclimber), anal-
gorithmdescribedy [9] to studythetheoryof evolutionary
algorithms. For the OneMaxproblem,it hasbeenproved
thata (1+1) EA will nd theoptimumin O(nlog(n)) t-
nessevaluations.Our empiricalresultsshav anO(n) per
formancefor DEUMy.

5 Extending DEUM to multi variate EDAs

This sectiongives an overvien of our immediatefuture
work on extendingthe DEUM algorithmsto multivariate
EDAs by usingthe Metropolismethod.Thework presented
hereshouldbe seemaswork in progress.

To do extend DEUM, let us considera bivariate MRF
model:

U(X) = ®uXp+ 12X1X2+ ®pXz +  23X2X3+
it ®an + n1XnX1
(12)

This model (known asthe Ising Model [8]) canbe in-
terpretedasa chain modelof dependeng proposedn [6].
Here,®and  arethe MRF parameterassociateavith uni-
variateandbivariateinteractionsbetweervariablesrespec-
tively. This model completelyencapsulatethe univariate
MRF model, and also incorporatesary bivariaterelation-
shipsbetweemeighbouringvariables.

Theapproximatiorof both®and™ canbedoneby doing
amaximumlik elihoodestimatiorover the populationof so-
lutions assuggestedn Section2. Given® and , it is then
possibleto approximatehe MPOC,x°, usingthe zerotem-
peratureMetropolismethodde ned in Section3. For (12)
¢ U canbedeterminedxplicitly from following formula:

CU= (x5 xPU® + i wixq 1+ e xta) (13)

This formulafor calculating¢ U canbe easilyobtained
for any MRF modelsusingfollowing formulation

¢U=UX9; UEx

Oncewe have found x°, we canthenuseit to estimate
the distribution for the next population. A simpleheuristic
canbe appliedfor this purposej.e., if x? = 1, we should
increaseheprobabilityp(x; = 1) andif x? = 0, we should
decreas¢heprobabilityp(x; = 1). Thisheuristicformsthe
basisfor our proposedxtensionto DEUM for multivariate
problems.

A possiblework o w for the multivariate DEUM would
beasfollows:

1. Initialize a probabilityvectorp = fp1;p2;:::;png by
assigningd.5to eachp;.

2. Samplep to generateM numberof parentsolution.
3. SelectN ttest solutionsfrom parentwhereN - M.

4. Find the dependengcnetwork andconstructan MRF
model.

5. Calculatethe MRF parameters.

6. Approximate MPOC, x°, using the Metropolis
method.
6.1.if f (x°) is goodenoughterminate.

7. Usex? to updatep usingfollowing updatingrule

Fori = 1::ndo
If x> = 1thenp = pi(1j ,)+,;
If x> = 0Othenp, = pi(1i ,);

8. Goto step2 until theterminationcriteriais satis ed.

Step(4) of thealgorithm,whichisto nd adependenc
network, is still an open question,and is not addressed
in this paper However, there are various computational
techniqueghat we assumecanbe usedsuccessfullyto ad-
dressthis problem.Most of the previously proposednulti-
variateEDAs alreadymale useof one of thesetechniques
[15, 28, 12, 20]. However, mostof themarefocusedn nd-
ing adirectedgraphicalmodel. Somerecentwork in EDAs
(in particular[31]) hasproposeda methodfor nding an
undirectedgraphicalmodel. However, this topic remains
partof ourfurtherresearch.

6 Conclusion

In this paperwe have shovn thatthe univariateMRF mod-
els arevery effective at addressindinear univariate prob-
lems. Thisis shovn by the experimentakesultscarriedout
with DEUMgy thatincorporatesa Metropolismethod. Fur
thermore we show thatthe Metropolismethodcanalsobe
usedto extendthe DEUM algorithmto multivariateEDAS.
The computationatostof approximatingIRF parame-
tersfor DEUMy hasa polynomial compleity of O(nN 2)
(orO(n?N) dependingiponrelationshipbetweem andN )
in comparisorio thelinearcomplity, O(nN ), of counting
thebit frequeng for otherunivariateEDAs [33]. Therefore,
the resultspresentedherewith OneMaxproblemcanonly
be seenasof theoreticalimportance.However, the signi -
cantlylow numberof tnessevaluationsneededy DEUMy
suggestghat the DEUMy shouldbe appliedfor the prob-
lemswhere tness evaluationis costly andcanbe tradeoff
againstthe computationcostof approximatingMRF para-
meters.
Ourresearclsofarhasfocusedonthebinaryrepresenta-
tion for therandomvariables.However, mostof the earlier
worksontheuseof MRF modellinghasbeenin integercase
[17, 3]. Particularly, in imageanalysiscase[17], eachpixel



in thelmageis arandomvariablewhere evenfor thesimple
greyscaleimage,a pixel canhave 256 differentvalue. This
shavs thatthe MRF techniquecanbe naturallyextendedo
integer representatiorf variables. However, more works
neededo be donein orderto getafull functioningDEUM
algorithmfor integerrepresentation.

The immediatefuture work in this areais to implement
a multivariate DEUM algorithm. To do this, an effective
methodof nding thedependenciesetweervariablesmust
beidenti ed. Thiswork is underway, andwe expectto nd
someinterestingresultsin the nearfuture.
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