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Abstract- Mark ov RandomField (MRF) modelling tech-
niqueshavebeenrecentlyproposedasa novel approach
to probabilistic modelling for Estimation of Distrib u-
tion Algorithms (EDAs)[34, 4]. An EDA using this tech-
nique, presentedin [34], wascalledDistrib ution Estima-
tion usingMark ov RandomFields(DEUM). DEUM was
later extendedto DEUM d [32, 33]. DEUM and DEUM d

usea univariate model of probability distrib ution, and
have beenshown to perform better than other univari-
ateEDAs for a rangeof optimization problems.This pa-
per extendsDEUMd to incorporate a simple Metr opolis
methodand empirically shows that for linear univariate
problemsthe proposedunivariate MRF modelsarevery
effective. In particular , the proposedDEUM d algorithm
can �nd the solution in O(n) �tness evaluations. Fur-
thermore, we suggestthat the Metr opolis method can
alsobeusedto extendthe DEUM approachto multi vari-
ateproblems.

1 Intr oduction

Estimation of Distribution Algorithms (EDAs) [24] is a
well-establishedtopic in the �eld of evolutionary algo-
rithms. EDAs aremotivatedby the ideaof identifying and
preservingimportantpatternsor building blocks[10], and
areableto solveproblemsthatareknown to behardfor tra-
ditional GeneticAlgorithms(GA) [27]. An EDA maintains
theselectionandvariationconceptsof evolution. However,
it replacesthecrossoverandmutationapproachto variation
in a traditionalGA by building andsamplingaprobabilistic
modelof promisingsolutions.Theprocessingof thebuild-
ing blocksin an EDA is explicitly biasedtowardsthe sig-
ni�cant patternsidenti�ed by a probabilisticmodel. This
contrastswith the implicit processingof building blocksin
atraditionalGA. EDAs areclassi�edasunivariate,bivariate
or multivariate[29, 16] accordingto thetypeof interaction
betweenallelevaluesthatcanberepresentedby themodel
of theprobabilitydistribution.

In [34] an algorithm using a Markov network (also
known asa Markov RandomField or anundirectedgraph-
ical model [25, 17]) approachto probabilistic modelling
hasbeenproposed. This was called Distribution Estima-
tion Using Markov RandomField (DEUM). DEUM was
later extendedto DEUMd, which is Distribution Estima-
tion Using Markov RandomField with direct sampling
[32, 33]. DEUM andDEUMd werepresentedasnovel uni-
variateEDAs usingaunivariatemodelof probabilitydistri-
bution. They wereshown to performbetterthanotherEDAs
of their type over a wide rangeof optimizationproblems
[34, 32, 33].

This paper extends DEUMd to incorporatea simple
Metropolis method[18] andshows that for linear univari-
ateproblemstheproposedunivariateMRF modelsarevery
effective. In particular, theproposedDEUMd can�nd aso-
lution in O(n) �tness evaluations.Furthermore,wesuggest
that the Metropolismethodcanalsobe usedto extendthe
DEUM algorithmsto multivariateproblems.

Theoutlineof thepaperis asfollows. Section2 presents
the backgroundon DEUMd andalsopresentsbrief exper-
imental resultson its performancein comparisonto other
univariate EDAs. Section3 describesa modi�cation to
DEUMd incorporatinga simpleMetropolismethod. Sec-
tion 4 presentsexperimentalresultson a linear univariate
problem. Section5 discussesour immediatefuture work,
which is to extend the DEUM approachto multivariate
problemsby usingaMetropolismethod.Section6 presents
asummaryandconcludesthepaper.

2 DEUM with dir ect sampling

DEUMd, as for other EDAs, regardsa solution (chromo-
some)asasetof randomvariables(thealleles),eachtaking
aparticularvaluefrom asetof possiblevalues.In particular,
we representa solution(aninstanceof therandom�eld) as
x = f x1; x2; : : : ; xn g whereeachx i is thevaluetakenby
thei -th randomvariable.Here,weconsiderproblemswhere
solutionsareencodedasbit-stringchromosomes,andson
is the chromosomelength, and the x i representthe allele
valuesin theobviousway (soeachx i is either0 or 1).

UnivariateEDAs do not considerdependenciesbetween
variables,i.e.,they only modelbuilding blocksof orderone.
In this case,the joint probabilitydistribution, p(x), is sim-
ply the productof the univariatemarginal probabilitiesof
all variablesin achromosomex:

p(x) =
nY

i =1

p(x i ) (1)

where,p(x i ) is themarginal probabilityof thei -th vari-
ablehaving thevaluex i .

Apart from DEUMd, Population Based Incremental
Learning(PBIL) [1], the UnivariateMarginal Distribution
Algorithm (UMDA) [24], andthe CompactGeneticAlgo-
rithm (cGA) [13] all useaunivariatemodelof theprobabil-
ity distribution. ThemaindifferencebetweenDEUMd and
theseotherapproachesis the methodusedto estimatethe
marginal distribution p(x i ). PBIL, UMDA andcGA esti-
matethemarginal probabilityp(x i = 1) by taking the fre-
quency of solutionswith x i = 1 in aselectedsetof solutions
dividedby thesizeof theselectedset,i.e.:



p(x i = 1) =
X

x 2 S

p(x)
... p(x) =

1
N

(2)

Here,N is the numberof selectedsolutionsandS is a
subsetof theselectedsetof solutionshaving x i = 1.

This approachof estimatingthe marginal probability is
very simpleandfully dependson thepatternof 1's and0's
in theselectedsetof solution.This contrastswith thetech-
niqueusedin DEUMd, which we describein thenext sec-
tion.

2.1 MRF approachto probabilistic modelling

DEUMd usesMarkov RandomField modelsas its proba-
bilistic model.MRFsarealsoknown asUndirectedGraph-
ical Modelsor Markov Networks[17, 25]. A previously
proposedEDA, known asFactorizationof theDistribution
Algorithm (FDA) [20] also usesan UndirectedGraphical
Model to estimatethe probability distribution. However,
FDA is distinct from DEUMd in signi�cant ways. Par-
ticularly, in its use of a Triangular model of the distrib-
ution and its restrictionto a certainclassof �tness func-
tion. Moreover, FDA is a multivariateEDA (see[21, 20]
for moredetailsonFDA). Morerecently, anotheralgorithm
using a Markov network hasbeenproposedby [31] and
wascalledMN-EDA. MN-EDA hasstrongsimilaritieswith
DEUMd but hasits differencesaswell. Particularly, in its
useof Kikuchi approximationsof the probability distribu-
tion. Again,MN-EDA is alsoamultivariateEDA.

In [4], MRF theorywasusedto provide a formulation
of the joint probabilitydistribution that relatessolution�t-
ness,f (x), to anenergy function, U(x), calculatedfrom the
valuesof thesolutionvariables.To beprecise:

p(x) =
f (x)

P
y f (y)

´
e¡ U (x )=T

P
y e¡ U (y)=T

(3)

from which an equationfor eachsolutionx canbe de-
rived(see[4] for detailedinformation):

¡ ln(f (x)) = U(x)=T (4)

Here,f (x) is the �tness of an individual x, U(x) is an
energy function derived from the allele values,andT is a
temperaturecoef�cient, which in [4] hasaconstantvalueof
1. Thesummationsareover all possiblesolutionsy. U(x)
givesthe full speci�cationof the joint probabilitydistribu-
tion, so it canbe regardedasa probabilisticmodelof the
�tness function. In particular, minimising U(x) is equiva-
lent to maximisingf (x).

In general,the form of theenergy functionwill involve
interactionsbetweenthevariablesx i . In [34], a Univariate
MRFmodelwasusedthatassumesasimpleform of energy
functionwith no interactions.To beprecise,

U(x) = ®1x1 + ®2x2 + : : : + ®n xn (5)

Here, the ®i are known as the MRF parameters,and
completelydeterminethe probability distribution. Each
variablex i providesa contribution ®i x i to the overall �t-
ness.

For mathematicalreasons,f¡ 1; 1g areusedasthevalues
of x i in the model,ratherthanf 0; 1g. This ensuresarith-
meticalsymmetrybetweenthepossibleallelevalues.

Eachsolutionin agivenpopulationprovidesanequation
satisfyingthemodel.SelectingN promisingsolutionsfrom
a populationthereforeallows usto estimatethedistribution
by solvingthesystemof equations:

A®T = F (6)

Here,A is theN £ n-dimensionalmatrix of alleleval-
uesin the selectedset,® is the vectorof MRF parameters
® = (®1; ®2; : : : ; ®n ), and F is the N -dimensionalvec-
tor containing¡ ln(f (x)) of theselectedsetof solutionsx.
Dependingon the relationshipbetweenN andn, the sys-
temwill beunder-, over-, or precisely-speci�ed.A standard
�tting algorithmcanbeusedto give a maximumlikelihood
estimationof the®i . The®i canthenbeusedto provide an
estimateof theprobabilityof thevalueof x i .

In [34], ® is usedto formulateanupdatingrule to update
aprobabilityvector. Theprobabilityvectoris thensampled
to generatea child population. In [32], this approachhas
beenextendedto usethe®i to directlyestimatethemarginal
probabilityp(x i ).

Fixing the valueof a particularallele x i dividesthe set
­ of all 2n chromosomesinto two disjoint sets,which we
denoteby A andB . Moreprecisely, A = f x 2 ­ : x i = 1g
andB = f x 2 ­ : x i = ¡ 1g. We denotetheprobability
thattheallelevaluein positioni is equalto 1 by p(x i = 1).
Clearly, theprobability that theallelevaluein positioni is
equalto ¡ 1 is 1 ¡ p(x i = 1). Applying this to (3), we
obtain:

p(x i = 1) =
X

x 2 A

p(x) =
X

x 2 A

e¡ U (x )=T

Z
(7)

Here,Z =
P

y e¡ U (y)=T is a (very large) normalising
constant. Substitutingfor U(x) from (5), andnoting that
x i = 1 for all x 2 A, weobtain:

p(x i = 1) = e¡ ®i =T K
Z

(8)

whereK is alargeconstantrepresentingthesumoverall
chromosomesin A of contributionsfrom allelesin positions
otherthani .

Similarly, summingover B we obtain the probability
thattheallelevaluein positioni is equalto ¡ 1:

p(x i = ¡ 1) = 1 ¡ p(x i = 1) = e®i =T K
Z

(9)

Here,K is thesameconstantasin (8), becausethechro-
mosomesin A and B agreepair-wise at allele positions



otherthani . Combining(8) and(9), the constantsK and
Z dropout,andwe getthefollowing expressionasanesti-
mateof themarginalprobabilityfor x i = 1:

p(x i = 1) =
1

1 + ē ®i
(10)

where,̄ = 2=T.

Note that, asT ! 0, the valueof ¯ increases,andthe
valueof p(x i = 1) tendsto limit dependingon thesignof
®i . If ®i > 0, thenp(x i = 1) ! 0 asT ! 0. Conversely,
if ®i < 0, thenp(x i = 1) ! 1 asT ! 0. If ®i = 0, then
p(x i = 1) = 0:5 regardlessof thevalueof T. Therefore,the
®i areindicatorsof whethertheallelevalueat thepositioni
shouldbe1 or ¡ 1. This indicationbecomesstrongerasthe
temperatureis cooledtowardszero.

This forms the basisfor the estimationof distribution
techniquefor DEUMd, whichcombinestheunivariateMRF
modelwith a cooling scheme.We reduceT, i.e., increase
¯ , as the populationevolves,so the modelbecomesmore
exploitative rather than explorative as the evolution pro-
gresses.

The useof the temperaturefor EDA hasbeen�rst pro-
posedin BoltzmannEstimatedDistribution Algorithm 1

(BEDA) [23], where,a Boltzmannselectionhasbeenused
to estimatetheBoltzmanndistribution. A coolingschedule
for Boltzmannselectionfor BEDA (andalsofor FDA) has
beenlaterproposedin [22]. Theseapproachhasstrongsim-
ilarities with our approach,however hasits differencesas
well. In BEDA, the �tness hasbeendirectly taken as the
energy for theBoltzmanndistribution,however in DEUMd,
an approximationto the �tness function is usedwhich is
doneby building amodelof �tness functionand�tting it to
thepopulation.

2.2 Work�o w of DEUM

DEUMd consistsof a � ve-stepprocedureasfollows:

1. Generatean initial population,P, of sizeM with a
uniformdistribution.

2. SelecttheN �ttest solutionsfrom P, whereN · M .

3. CalculatetheMRF parameters® = (®1; ®2; : : : ; ®n )
by makingamaximumlikelihoodestimationfrom the
selectedsolutions.

4. GenerateM new solutionsusingthefollowing distri-
bution:

p(x) =
nY

i =1

p(x i )

where,p(x i = 1) = 1=(1 + ē ®i ) andp(x i = ¡ 1) =
1=(1 + e¡ ¯ ®i ). Here,¯ is de�ned as¯ = g¿ where,
g is thenumberof thecurrentiterationand¿ > 0 is a
coolingrateparameterchosenby theuser.

5. ReplaceP by the new population,andgo to Step2
until theterminationcriterionis satis�ed.

1BEDA is a conceptualalgorithmasrequiressumover exponentially
many termsto calculatethedistribution [22]
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Figure1: RLD for OneMax
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Figure2: RLD for Plateau

DEUMd usesthe singularvalue decomposition(SVD)
[30, 11] techniqueto makethemaximumlikelihoodestima-
tion. SVD provesto bethemoststabletechnique,returning
usefulestimationsfrom systemsof linearequationsthatare
eitherunder- or over-speci�ed[30].

As describedearlier, ¯ hasa directeffect on theconver-
gencespeedof DEUMd. As the numberof iterations(g)
grows, the marginal probability (p(x i )) graduallycools to
either0 or 1. However, dependinguponthe type of prob-
lem, differentcooling ratesmayberequired.In particular,
thereis a trade-off betweenconvergencespeedof thealgo-
rithm and the explorationof the searchspace. Therefore,
thecoolingrateparameter, ¿, hasbeenintroduced.¿ gives
explicit controlovertheconvergencespeedof DEUMd. De-
creasing¿ slows thecooling,resultingin betterexploration
of thesearchspace.However, it alsoslows theconvergence
of thealgorithm.Increasing¿, ontheotherhand,makesthe
algorithmconverge faster. However, theexplorationof the
searchspacewill bereduced.

2.3 Experimental results

Herewe brie�y review theexperimentalresultson theper-
formanceof DEUMd on a rangeof optimisationproblems.
For moredetailson theseexperiments,see[33]. The per-
formanceof DEUMd wascomparedwith a GA, PBIL and
UMDA.

For theproblemswhereoptimum�tness couldbefound,
thenumberof �tnessevaluationstakenby eachalgorithmto
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Figure4: RLD for F6 function

�nd the optimumwastaken asa measurefor performance
evaluation.Runlengthdistribution (RLD)[14] curveswere
plottedto measurethe performance.The RLD shows, for
eachalgorithm, the cumulative percentageof successful
runs that terminatedwithin a certainnumberof function
evaluations.Figure1 shows theRLD for a180-bitOneMax
[24] problemover 1,000runsfor eachalgorithm. It canbe
seenthat, for DEUMd 80%of therunsfoundtheoptimum
solutionwithin 1,600functionevaluationsin comparisonto
2,000,2,800and3,700of PBIL, UMDA andtheGA respec-
tively. Similarly, �gures 2, 3, 4, and5 show theRLD over
1,000runsof eachalgorithmfor a 180-bitPlateau[19, 16]
problem,a 100-bitCheckerboard [2, 16] problem,a 20-bit
Schaffer F6 function[5] anda180-bitTrapfunctionof order
5 [26] respectively.

For theproblemswheretheoptimumwasnot known or
could not be found, the algorithmswereevaluatedby the
average�tness of solutionthey could �nd, andtheaverage
numberof �tness evaluationstaken to �nd it [15, 7]. The
problemsaddressedwerea 50-bit Equal productsfunction
[2, 7], a 60-bit Colville function[7] anda 100-bitSixPeaks
function[2, 16]. We do not presenttheseresultsbecauseof
the limited space.See[33] for moredetail. However, here
we highlight the conclusionsmadefrom the above experi-
ments.They areasfollows:

For the univariateproblems(suchasOneMax)andalso
for problemswith a low orderof dependency betweenthe
variables(suchas plateauand checker board) the perfor-
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Figure5: RLD for Trap5

manceof DEUMd (in termsof numberof �tnessevaluations
takento terminate)wassigni�cantly betterthanthatof other
univariateEDAs andalsoof theGAs tested.

For theproblemswith higher-orderdependency (suchas
SixPeaksandTrapof order5), DEUMd, aswith otheruni-
variateEDAs, wasdeceived by the structureof the �tness
landscape.For the SixPeaksfunction, noneof the algo-
rithmscould �nd theoptimumsolution. For the trap func-
tion,UMDA andPBIL couldnot�nd theoptimum,evenus-
ingaverylargepopulationsize.However, asimpleGA with
one-pointcrossover could�nd thesolutionafteranaverage
of 62,000�tness evaluations.Interestingly, DEUMd with a
populationsizeof 2,000couldalso�nd thesolution,how-
ever, with a very largeaverage�tness evaluation,868,000.
It shows that,althoughDEUMd is misledby thetrapfunc-
tion, by slowing the cooling rateandchoosingthe correct
populationsize,it still couldovercomea trapof order5.

For thoseproblemswherethe optimumwasnot known
or wasvery hardto get (Colville andEqualproducts),the
performanceof DEUMd wascomparableto thatof theGA
andotherunivariateEDAs, andwasbetterin somecases.

In general,DEUMd gave satisfactoryresultsfor mostof
theproblemsthathave beentested,andfailedwhereit was
expectedto. Again, for mostof the problems,the perfor-
manceof DEUMd wasbetterthanthat of otherunivariate
EDAs. Theseempiricalresultssuggestedtheeffectiveness
of MRF modelsusedby DEUMd over the marginal prob-
ability modelsusedby otherunivariateEDAs. In the next
section,we further strengthenthis suggestionby showing
that, for a linear univariateproblem,a simpleextensionto
DEUMd can�nd the optimumin 1:5n + 1 �tness evalua-
tions.

3 Extending DEUM d to incorporate a
Metr opolismethod

In the MRF modellingliterature,Metropolis methods[18]
are widely usedto determinethe optimum value for ran-
dom �elds/variables[17]. Herewe presenta simplevari-
ant of it, known as Zero-Temperature Metropolis method.
Givena setof MRF parameters,®, calculatedfrom a pop-
ulationof chromosomes,it is thenpossibleto approximate
the optimumchromosome, xo = f xo

1; xo
2; :::; xo

n g (or more



preciselyoptimumchromosomefor thecurrentpopulation).
We call this chromosome,the Metropolis Population Op-
timumChromosome(MPOC). xo canbe approximatedby
usingthefollowing zerotemperatureMetropolismethod:

1. Generatea chromosomexo = f xo
1; xo

2; ::; xo
n g at ran-

dom.

2. for L iterations,repeat:

(a) Mutateavariablexo
i chosenatrandomto obtain

themutatedchromosomexo0.

(b) Set¢ U = U(xo0) ¡ U(xo).

(c) if ¢ U < 0 setxo = xo0.

3. Terminatewith answerxo.

For univariateMRF models(5), ¢ U canbedetermined
explicitly from thefollowing formula:

¢ U = ®i (xo0
i ¡ xo

i ) (11)

From(11), we canseethat if ®i < 0, then(i) ¢ U < 0,
if xo

i = ¡ 1: this suggestsacceptingthe mutation,and(ii)
¢ U > 0, if xo

i = 1: this suggestsrejectingthe mutation.
In anotherwords,to make ¢ U > 0 (to minimiseU(xo)),
formula(11) suggeststhat if ®i < 0, xo

i shouldbe1 andif
®i > 0, xo

i shouldbe¡ 1. Thus,for aunivariateMRF model
theMPOC,xo, canbeeasilyobtainedjustby lookingat the
signof the®i .

Now let us incorporatethis methodin DEUMd. This is
donebyaddingtwosubsteps3:1and3:2 in originalDEUMd

algorithm.Sotherede�nedDEUMd will beasfollows:

1. Generatean initial population,P, of sizeM with a
uniformdistribution.

2. SelecttheN �ttest solutionsfrom P, whereN · M .

3. CalculatetheMRF parameters® = (®1; ®2; : : : ; ®n )
by makingamaximumlikelihoodestimationfrom the
selectedsolution.

3.1. GenerateMPOC,xo = f xo
1; xo

2; ::::; xo
n g

where,

xo
i =

½
1 if ®i < 0

¡ 1 if ®i > 0

3.2. Terminate,if f (xo) is optimal/goodenough.

4. GenerateM new solutionsusingthefollowing distri-
bution:

p(x) =
nY

i =1

p(x i )

where,p(x i = 1) = 1=(1 + ē ®i ) andp(x i = ¡ 1) =
1=(1 + e¡ ¯ ®i ). Here,¯ is de�ned as¯ = g¿ where,
g is thenumberof thecurrentiterationand¿ > 0 is a
coolingrateparameterchosenby theuser.

5. ReplaceP by the new population,andgo to Step2
until theterminationcriterionis satis�ed.
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Weobservethattheabovepresentedalgorithmonly uses
xo to checkfor anoptimumanddoesnot useit for further
evolution 2. However, in practice,xo canbeusedin various
waysto assesthe evolution. For example,onecould gen-
erateoneor morexo andseedthemto thenext generation.
For thepurposeof thispaper, wedonotdiscussthis topic in
detail.

4 Experimental results

The aim of our experimentis to measurethe effect of our
extensionto DEUMd. We show thescalabilityof DEUMd

on univariateproblems,andcompareit with that of other
univariateEDAs. Theobvioustestfunctionfor thispurpose
is theOneMaxproblem[24].

TheOneMaxproblemis asimplelinearproblemdecom-
posableintobuildingblocksof orderone,andthereforeisan
idealproblemfor univariateEDAs. It hasbeenshown that
UMDA worksvery well on this problem[2]. We compare
theperformanceof DEUMd againstUMDA anda GA. 100
runsof eachalgorithmwereexecutedfor a seriesof One-
Max problemswith chromosomesrangingin sizebetween
30 and180bits. Thenumberof �tness evaluationstakento
�nd the optimal solutionwasrecordedfor eachrun. Uni-
form crossover with exchangeprobability of 0.5 wasused
for theGA, crossoverwasappliedall thetimeandmutation
wasnotapplied.Thepopulationsize,M , rangedfrom 40to
100for theGA, 50to 170for UMDA, andwasexactly1:5n
for DEUMd. ¿ for DEUMd wasfrom 5 to 4.

Truncationselectionwas usedwhereselectionsize N
was0:5M for theGA and0:3M for UMDA. For DEUMd,
the selectionsize was again 1:5n, i.e., the whole popula-
tion wasselected.No elitismwasusedandnew populations
weregeneratedwith completereplacement.Figure6 shows
theaveragenumberof �tnessevaluationsfor eachalgorithm
over therangeof OneMaxproblems.

The successratio for converging to the optimum was
100%for DEUMd, 98%for UMDA and100%for theGA.

2For the purposeof our experiment(seesection4), doing so wasnot
necessary



As we canseefrom Figure6, UMDA, as it hasselection
sizelessthanthatof GA, hasanexpectedperformancebet-
ter thanthat of the GA but haslesssuccessrate. DEUMd

with a Metropolismethodhasvery stableandef�cient per-
formancethat is equivalentto 1:5n + 1 �tness evaluations,
i.e., given a randomly-generatedinitial populationof 1:5n
chromosomes,the xo generatedby the Metropolismethod
wasfoundto beoptimum(Here,+1 is for the�tnessevalua-
tion of xo itself). Thisresultcanbecomparedwith theresult
of a (1+1)EA (alsoknown asstochastichillclimber), anal-
gorithmdescribedby [9] to studythetheoryof evolutionary
algorithms. For the OneMaxproblem,it hasbeenproved
that a (1+1) EA will �nd the optimumin O(n log(n)) �t-
nessevaluations.Our empiricalresultsshow anO(n) per-
formancefor DEUMd.

5 Extending DEUM to multi variate EDAs

This sectiongives an overview of our immediatefuture
work on extendingthe DEUM algorithmsto multivariate
EDAs by usingtheMetropolismethod.Thework presented
hereshouldbeseenaswork in progress.

To do extend DEUM, let us considera bivariateMRF
model:

U(x) = ®1x1 + ¯ 1;2x1x2 + ®2x2 + ¯ 2;3x2x3+
: : : + ®n xn + ¯ n; 1xn x1

(12)

This model (known as the Ising Model [8]) canbe in-
terpretedasa chain modelof dependency proposedin [6].
Here,® and¯ aretheMRF parametersassociatedwith uni-
variateandbivariateinteractionsbetweenvariablesrespec-
tively. This modelcompletelyencapsulatesthe univariate
MRF model, and also incorporatesany bivariaterelation-
shipsbetweenneighbouringvariables.

Theapproximationof both®and¯ canbedoneby doing
amaximumlikelihoodestimationover thepopulationof so-
lutionsassuggestedin Section2. Given® and¯ , it is then
possibleto approximatetheMPOC,xo, usingthezerotem-
peratureMetropolismethodde�ned in Section3. For (12)
¢ U canbedeterminedexplicitly from following formula:

¢ U = (xo0
i ¡ xo

i )(®i + ¯ i ¡ 1;i xo
i ¡ 1 + ¯ i;i +1 xo

i +1 ) (13)

This formulafor calculating¢ U canbeeasilyobtained
for any MRF modelsusingfollowing formulation

¢ U = U(xo0) ¡ U(xo)

Oncewe have found xo, we canthenuseit to estimate
thedistribution for thenext population.A simpleheuristic
canbe appliedfor this purpose,i.e., if xo

i = 1, we should
increasetheprobabilityp(x i = 1) andif xo

i = 0, weshould
decreasetheprobabilityp(x i = 1). Thisheuristicformsthe
basisfor our proposedextensionto DEUM for multivariate
problems.

A possiblework�o w for themultivariateDEUM would
beasfollows:

1. Initialize a probabilityvectorp = f p1; p2; :::; pn g by
assigning0.5to eachpi .

2. Samplep to generateM numberof parentsolution.

3. SelectN �ttest solutionsfrom parentwhereN · M .

4. Find thedependency network andconstructanMRF
model.

5. CalculatetheMRF parameters.

6. Approximate MPOC, x0, using the Metropolis
method.

6.1. if f (xo) is goodenough,terminate.

7. Usex0 to updatep usingfollowing updatingrule
For i = 1::n do

If xo
i = 1 thenpi = pi (1 ¡ ¸ ) + ¸ ;

If xo
i = 0 thenpi = pi (1 ¡ ¸ );

8. Go to step2 until theterminationcriteriais satis�ed.

Step(4) of thealgorithm,which is to �nd a dependency
network, is still an open question,and is not addressed
in this paper. However, there are various computational
techniquesthatwe assumecanbeusedsuccessfullyto ad-
dressthis problem.Most of thepreviously proposedmulti-
variateEDAs alreadymake useof oneof thesetechniques
[15, 28, 12, 20]. However, mostof themarefocusedin �nd-
ing a directedgraphicalmodel.Somerecentwork in EDAs
(in particular[31]) hasproposeda methodfor �nding an
undirectedgraphicalmodel. However, this topic remains
partof our furtherresearch.

6 Conclusion

In this paper, we have shown thattheunivariateMRF mod-
els arevery effective at addressinglinear univariateprob-
lems.This is shown by theexperimentalresultscarriedout
with DEUMd that incorporatesa Metropolismethod.Fur-
thermore,we show that theMetropolismethodcanalsobe
usedto extendtheDEUM algorithmto multivariateEDAs.

Thecomputationalcostof approximatingMRF parame-
tersfor DEUMd hasa polynomialcomplexity of O(nN 2)
(orO(n2N ) dependinguponrelationshipbetweenn andN )
in comparisonto thelinearcomplexity, O(nN ), of counting
thebit frequency for otherunivariateEDAs [33]. Therefore,
the resultspresentedherewith OneMaxproblemcanonly
beseenasof theoreticalimportance.However, thesigni�-
cantlylow numberof �tnessevaluationsneededby DEUMd

suggeststhat the DEUMd shouldbe appliedfor the prob-
lemswhere�tness evaluationis costlyandcanbetradeoff
against the computationcostof approximatingMRF para-
meters.

Ourresearchsofarhasfocusedonthebinaryrepresenta-
tion for therandomvariables.However, mostof theearlier
worksontheuseof MRF modellinghasbeenin integercase
[17, 3]. Particularly, in imageanalysiscase[17], eachpixel



in theImageis arandomvariablewhere,evenfor thesimple
greyscaleimage,a pixel canhave 256differentvalue.This
shows thattheMRF techniquecanbenaturallyextendedto
integer representationof variables. However, moreworks
neededto bedonein orderto geta full functioningDEUM
algorithmfor integerrepresentation.

The immediatefuturework in this areais to implement
a multivariateDEUM algorithm. To do this, an effective
methodof �nding thedependenciesbetweenvariablesmust
beidenti�ed. Thiswork is underway, andweexpectto �nd
someinterestingresultsin thenearfuture.
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